In this paper, we show that a generalized Sasakian space form of dimension greater than three is either of constant sectional curvature; or a canal hypersurface in Euclidean or Minkowski spaces; or locally a certain type of twisted product of a real line and a flat almost Hermitian manifold; or locally a wapred product of a real line and a generalized complex space form; or an α-Sasakian space form; or it is of five dimension and admits an α-Sasakian Einstein structure. In particular, a local classification for generalized Sasakian space forms of dimension greater than five is obtained. A local classification of Riemannian manifolds of quasi constant sectional curvature of dimension greater than three is also given in this paper.
Introduction
A generalized complex space form is a RK-manifold with pointwise constant holomorphic sectional curvature and of constant type. It is known that an almost Hermitian manifold P (F 1 , F 2 ) with almost complex structure J is a generalized complex space form if its Riemannian curvature tensor R P satisfies Theorem 1.1 ( [23] ). Let P (F 1 , F 2 ) be a generalized complex space form with dim C P ≥
If F 2 is not identically zero, then P is a non-flat complex space form (that is, an open part of a complex projective space or a complex hyperbolic space).
We remark that the above theorem is not true in general. Indeed, a generalized complex space form P with dim C P = 2 and with nonconstant F 2 can always be constructed via certain conformal deformations on a Bochner flat Kaehler manifold with nonconstant scalar curvature (cf. [20] ).
The almost contact counterpart, so-called generalized Sasakian space forms was introduced in [1] . A generalized Sasakian space form M (f 1 , f 2 , f 3 ) is an almost contact metric manifold with almost contact metric structure (φ, ξ, η, , ) whereby its curvature tensor satisfies
for some functions f 1 , f 2 and f 3 on M , where R 1 , R 2 and R 3 are curvature-like tensors given by Apart from the spaces mentioned above, the class of generalized Sasakian space forms does include some other spaces, for instance, the five-dimensional sphere S 5 with a nearly Sasakian manifold structure and the warped products of R and a generalized complex space form P .
Generalized Sasakian space forms have been studied in a number of papers from several points of view (for instance, [1] - [3] , [8] , [11] , [13] , etc). To certain extent, we may say that these papers intended to provide new examples of generalized Sasakian space forms; to characterize subclasses of generalized Sasakian space forms with specific geometric properties and to identify automorphisms preserving the generalized Sasakian space form structure. Nevertheless, the complete classification of generalized Sasakian space forms has yet to be obtained up to this point. In this paper, we shall provide a complete list of spaces of dimension greater than three that possibly carry a generalized Sasakian spaces form structure.
The idea of getting the list was comparatively simple though a large number of lengthly calculations needed in the proof. We shall first derive several important data out of the second Bianchi's identity, and then considered cases, which are divided according to the characteristics of the functions f 1 , f 2 and f 3 .
Among the cases we considered, generalized Sasakian space forms with f 2 = 0 seem to have their unique characteristics. Firstly, these spaces are locally conformally flat (cf. [13] ), secondly, they are also of quasi constant sectional curvature. It is inevitable to include a study on Riemannian manifolds of quasi constant sectional curvatures in our paper.
A Riemannian manifold M is said to have quasi constant sectional curvature if it is equipped with a unit vector field ξ and a 1-form η given by η(·) = ξ, · such that its Riemannian curvature tensor R satisfies (cf. [6] )
for some functions f 1 and f 3 on M .
Geometrically, a Riemannian manifold M equipped with a unit vector field ξ is of quasi constant sectional curvature if for any plane E in T p M , p ∈ M , the sectional curvature of E depends only on the point p and the angle between E and ξ.
The study of Riemannian manifolds of quasi constant sectional curvature was closely related to locally conformally flat hypersurfaces in Euclidean spaces. Indeed, in [9, 10] 
The above theorem provides all the possibilities for generalized Sasakian space forms in the case f 2 = 0. Next, we shall show that generalized Sasakian space forms with f 2 = 0 must be either locally a warped product of R and generalized complex space forms; or α-Sasakian; or carry an α Sasakian Einstein structure. The precise statement is given as follows. 
for some functions C = 0, D 1 , · · · , D 2n and E on R such that a > 0. [22, pp. 329] for precise definition).
Throughout this paper, all manifolds are assumed to be smooth and connected. For an m-dimensional Riemannian manifold M , we denote by X ♭ the 1-form dual to a vector field X on M , ω ♯ the vector field associated to an 1-form ω on M , by
there exists a unit vector field ξ on M , we denote by V = ∇ ξ ξ andX = X − η(X)ξ, for each X ∈ T M , where η = ξ ♭ . As we consider local geometry of M , for a function f on M , unless otherwise stated, by f = 0 (resp. f = 0) we mean f is identically zero on M (resp. f is nowhere zero on M ).
Almost contact metric manifolds
A (2n + 1)-dimensional Riemannian manifold M with Riemannian metric , is said to be almost contact metric if there exist on M a (1, 1)-tensor field φ, a vector field ξ and a 1-form η such that
The fundamental By Sasakian (resp. Kenmotsu) manifolds, we mean 1-Sasakian (resp. 1-Kenmotsu) manifolds. Further, an 0-Kenmotsu manifold is called a cosymplectic manifold. It is known that an (α, β)-trans-Sasakian manifold of dimension greater than 3 is either α-Sasakian or β-Kenmotsu (cf. [16] ). Let (P, g P ) be an m-dimensional Riemannian manifold. Consider a doubly twisted product manifold M = a R × b P with the doubly twsited product metric
where a and b are positive functions on R × P , t is the standard coordinate of R, and π 1 and π 2 are the projections from R × P on R and P respectively. Throughout this paper, we shall denote by the same T the lift of a tensor field T of P (or R) for the sake of simplicity. Now we consider an almost Hermitian manifold (P, J, g P ) with fundamental 2-form Ω(·, ·) = g P (·, J·), we can define an almost contact structure on M = a R × b P by
Note that for any X, Y , Z ∈ T M , we have
In particular, for a warped product M = R × b P , that is, a = 1 and b depends only on R, by applying [21, Proposition 42] in the above equation, we can derive
for any X, Y , Z ∈ T M , where R P is the Riemannian curvature tensor of P andḃ = ∂ t b.
The following results can be obtained directly from the above equation.
be a generalized complex space form. Then, with the almost contact structure (2.2) , the warped product M = R × b P is a generalized Sasakian space form with functions
N (k)-manifolds
A Riemannian manifold M is called an N (k)-manifold if there exists a unit vector field ξ on M such that the curvature tensor satisfies the k-nullity condition:
where k is a function on M . In particular, a generalized Sasakian space form is an
Proof. By the hypothesis, we can see that T is skew-symmetric and T ξ = 0. Further, for any X, Y , Z ∈ T M , we have
Hence, from (3.1) and the above equation, we calculate
where θ := dβ + (k + β 2 )η. First, taking cyclic sum over X, Y and Z in the above equation, and then compare the obtained equation with (3.2), we obtain
By putting X = ξ in (3.3), we obtain
Hence, Statement (a) can be deduced from this equation. If α = 0, then Statement (b) is trivial. Note that T = 0 in this case. Since dim M ≥ 3, we can derive immediately from (3.3) that θ = 0 and so Statement (c) is obtained.
Next, we consider α = 0. Let ψ = −α −1 T . Then by virtue of (3.4), we can verify that (ψ, ξ, η, , ) is an almost contact metric structure on M . Next (3.3) gives
Now consider X ⊥ ξ, after taking inner product with ψX on both sides of this equation, yields (Xβ)ψX − (ψXβ)X + X, X {grad α + 2αβξ} = 0.
Since dim M ≥ 5, the above equation gives Statement (b) and dβ = (ξβ)η. Hence we obtain Statement (c) and θ = α 2 η. It follows that (3.5) can be simplified to
As α = 0, the above equation implies that (ψ, ξ, η, , ) is an (α, β)-trans-Sasakian structure on M . Since an (α, β)-trans-Sasakian manifold of dimension greater than 3 is either α-Sasakian or β-Kenmotsu (cf. [16] ) and α = 0, we conclude that β = 0 and so (ψ, ξ, η, , ) is an α-Sasakian structure on M . It further follows from Statements (a)-(b) that k = α 2 is a constant.
Remark 3.1. For β = 0, Theorem 3.1 also holds for m = 3 and is reduced to the characterizations of α-Sasakian manifolds given in [5, 18] . A similar result was also obtained in [11] under the setting of generalized Sasakian space form. Proof. By the hypothesis, we see that ∇ ξ ξ = 0. Hence both distributions D and Rξ are integrable. Moreover, D is totally umbilical and Rξ is autoparallel. By Theorem 3.1(c), β is constant along D, so D is spherical. As a result, M is locally a warped product of R and a leaf P of D (cf. [17] ). Since P is an invariant submanifold in M normal to ξ, it admits an almost Hermitian structure. Conversely, suppose M = R × b P , where P is an almost Hermitian manifold . Then it follows from (2.3) that
Next, by virtue of [21, Proposition 35], we see that ∇ ξ ξ = 0 and
, where β =ḃ/b, and the proof is completed.
By Theorem 3.2 and (2.3), we can easily obtain the following local characterization for the class of generalized Sasakian space form given in Theorem 2.1. 
Some identities of generalizes Sasakian space forms
Let M 2n+1 (f 1 , f 2 , f 3 ) be a generalized Sasakian space form, n ≥ 2. By considering the Bianchi's second identity
where S represents the cyclic sum over X, Y and Z, we obtain
where
Observe that
It follows that
where k = f 1 − f 3 . By substituting into (4.1), we obtain
for any X, Y , Z, W ∈ T M . By putting W = ξ in (4.2), we have
If we put Z = ξ and X, Y ∈ D in (4.3), then it becomes
By suitable choices of X and Y in the above equation, gives
It follows from (4.3) and (4.5) that
Contraction at X and W over a local orthonormal frame on D, gives
where we have used 2n j=1 dη(φE j , E j ) = 2δΦ(ξ), where {E 1 , · · · , E 2n+1 } is a local orthonormal frame on T M . The above equation implies that
where β = −(1/2n)δη. By substituting this into (4.5), we get df 3 = f 3 V ♭ + (ξf 3 )η. Further, (4.2) reduces to
By contracting Z and W over a local orthonormal frame on D, we get 
where we have used the identity
(4.13)
We can further deduce that
for any unit vectors Y, Z ∈ D with Z ⊥ Y, φY . We note that these equations also hold if we switch Y and Z. Hence we obtain
for any unit vectors Y, Z ∈ D with Z ⊥ Y, φY .
Riemannian manifolds of quasi-constant sectional curvatures and canal hypersurfaces
We shall first review some results in (space-like) canal hypersurfaces in Euclidean and Minkowski spaces. The main references of this section are [9, 10] .
A canal hypersurface M in the Euclidean space R m+1 is the envelope of a oneparameter family of hyperspheres {S m (s), s ∈ I ⊂ R}, given by the following conditions
where γ(s) and r(s) are the center and radius of the corresponding sphere S m (s) respectively, ϕ = ϕ(s, u 1 , · · · , u m−1 ) is the position vector of M ,γ = ∂ s γ andṙ = ∂ s r. We suppose that the curve γ is parametrized by a natural parameter s.
Similarly, a space-like canal hypersurface M in the Minkowski space R m+1 1
is the envelope of a one-parameter family of space-like hyperspheres {S m (s), s ∈ I ⊂ R}, given by the conditions: is said to be of elliptic, hyperbolic or parabolic type if the curve γ is time-like, space-like or light-like respectively. We suppose that s is a natural parameter of the curve γ for a space-like canal hypersurface of elliptic or hyperbolic type.
In the following, we will use a unified notation. Let M m+1 (c) denote the Euclidean space R m+1 (resp. Minkowski space R m+1 1 ) for c = 1 (resp. c = −1) . We will use the notation M (c, ε) to denote a (space-like) canal hypersurface in M m+1 (c), where ε = γ,γ , that is,
• for c = 1: we put ε = 1; and
It follows that M (c, ε) satisfies the following conditions
We consider the unit normal vector field
to M (c, ε). Then we can see that
Next define a unit tangent vector field ξ by
It follows that the distribution
It follows that the shape operator A of M (c, ε) is given by Aξ = νξ, AX = λX for any vector X tangent to D. We note that
We recall that a Riemannian manifold M is said to have quasi-constant sectional curvature if there exists on M a unit vector field ξ such that its curvature tensor R = f 1 R 1 + f 3 R 3 , for some function f 1 and f 3 on M . Proof. Suppose M = a R × R m−1 . By using the formulas in [7] , we see that
for any X and Z orthogonal to ξ. Hence, we can verify that (5.4) is equivalent to the condition
for any X and Z orthogonal to ξ.
Sufficiency. Suppose the condition (5.4) is satisfied. Let (x 1 , · · · , x m−1 ) be the standard coordinates of R m−1 and t be the standard coordinate of R. Then (5.5) is represented by
Solving (5.6), gives a = m−1 j=1 ψ j (t, x j ), where each ψ j depends on t and x j only. By substituting this into (5.7), we obtain
This implies that each ∂ i ∂ i ψ i depends only on t. We put ∂ i ∂ i ψ i (t, x i ) = 2C(t). It follows that ψ i (t,
, and so
Necessity. It is directly from the uniqueness of solutions for the PDEs obtained from (5.5) . This completes the proof.
With the same procedure as in the proof of Lemma 4.1, except a slight change in the argument while deriving (4.5), one may verify that Lemma 4.1 holds for Riemannian manifolds of quasi constant sectional curvature as well. Accordingly, we state the following lemma without proof.
Proof of Theorem 1.2. We only need to proof the Sufficiency part. If f 3 = 0, then M is of constant sectional curvature. Next, we obtain (b)-(e) when f 1 = 0 and f 3 = 0 by virtue of Theorem 5.1.
Finally, we consider f 1 = 0 and f 3 = 0. By Lemma 5.1(b)-(c), we see that ∇ X ξ = 0 for any X ⊥ ξ. Hence D is autoparallel. By a result in [17] , M is locally a twisted product a R × P . Since P is totally geodesic in M and f 1 = 0, P is flat and so by Theorem 5.2, we obtain (f).
Proof of Theorem 1.3
First, if f 2 = f 3 = 0, then M is of constant sectional curvature. Next we consider these cases:
• f 1 = 0, f 2 = 0 and f 3 = 0;
• f 1 = f 2 = 0 and f 3 = 0;
• f 2 = 0. .2) that each leaf of D lie on an 2n-dimensional Euclidean sphere S 2n (s) in R 2n+2 (see [9, pp. 129-130] for detail). The almost contact structure of M induces an almost complex structure on S 2n (s). Since only a six-dimensional sphere and a two-dimensional sphere admit an almost complex structure, we conclude that n = 3 and obtain (b).
Next, consider a space-like canal hypersurface of elliptic type in R . With a similar argument, we conclude that n = 3 and obtain (c).
Case (B) f 1 = f 2 = 0 and f 3 = 0. By Theorem 1.2, we see that M is locally a twisted product a R × P , where P is an open part of R 2n . Since the almost contact metric structure on M induces on each leaf of D an almost Hermitian structure, P is a flat almost Hermitian manifold and we obtain (f).
Case (C) f 2 = 0. By putting X = E j and Z = φE j in (4.6), where {E 1 , · · · , E 2n+1 } is a local orthonormal frame on T M , and then summing up these equations over j, we have
By first switching Y and W in the above equation and then using the obtained equation and (6.1), we obtain By using (4.14) and the facts 2f 2 + f 3 = 0, f 1 − f 3 = 1, we obtain Zf 1 = 0 for Z ∈ D. Since (M, ψ, ξ, η) is a Sasakian manifold, f 1 is a constant (and so are both f 2 and f 3 ). By using the fact dim D = 4, (4.13) and (4.15), we have
It follows that M is locally ψ-symmetric (in the sense of [4] ). Hence, the universal coveringM of M is a five-dimensional naturally reductive homogeneous space (cf. [4] ) and soM is one of the spaces listed in [15] . Since (ψ, η, ξ, , ), is not a Sasakian space form structure onM , we conclude thatM is one of the homogeneous spaces of Type I or Type II listed in [15] .
Let∇ be the Okumura connection on (M , ψ, η, ξ, , ), that is, (cf. [19] )
whereT is the torsion of∇ given bỹ Now we expressM = G/H as a homogeneous Riemannian space. Let g and h be the Lie algebra of G and H respectively. We consider an Ad(H)-invariant decomposition g = h ⊕ m such that the homogeneous space structure is naturally reductive and its corresponding canonical connection coincides with the Okumura connection∇. Up to identification, at the origin o ∈M , its tangent space T oM = m and we havẽ
for any X, Y , Z ∈ m.
By adopting the results obtained in [14, 15] , we may consider an orthonormal basis {X 1 , X 2 = ψX 1 , X 3 , X 4 = ψX 3 , X 5 = −ξ} of m such that R(X 1 , X 3 ) =R(X 1 , X 4 ) =R(X 2 , X 3 ) =R(X 2 , X 4 ) = 0 (6.7)
T (X 1 , X 2 ) = 2X 5 ,T (X 1 , X 5 ) = −2X 2 ,T (X 2 , X 5 ) = 2X 1 , T (X 3 , X 4 ) = 2X 5 ,T (X 3 , X 5 ) = −2X 4 ,T (X 4 , X 5 ) = 2X 3 , T (X 1 , X 3 ) =T (X 1 , X 4 ) =T (X 2 , X 3 ) =T (X 2 , X 4 ) = 0.
   (6.8)
With the help of (6.7)-(6.8), we obtain a contradiction after putting X = X 1 , Y = Z = X j , j ∈ {3, 4} in (6.6). Accordingly, this case can not occur and the proof is completed.
